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Abstract 
 
The dynamic propagation of an eccentric Griffith crack in a functionally graded piezoelectric ceramic strip under 

anti-plane shear is analyzed using the integral transform method. A constant velocity Yoffe-type moving crack is con-
sidered. Fourier transform is used to reduce the problem to a pair of dual integral equations, which is then expressed in 
a Fredholm integral equation of the second kind. We assume that the properties of the functionally graded piezoelectric 
material vary continuously along the thickness. The impermeable crack boundary condition is adopted. Numerical 
values on the dynamic stress intensity factors are presented for the functionally graded piezoelectric material to show 
the dependence of the gradient of material properties, crack moving velocity, and eccentricity. The dynamic stress in-
tensity factors of a moving crack in functionally graded piezoelectric material increases when the crack moving veloc-
ity, eccentricity of crack location, material property gradient, and crack length increase. 
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1. Introduction 

Piezoelectric ceramic materials have recently at-
tracted extensive attention due to their application in 
smart sensors and actuators. When piezoelectric ce-
ramics are subjected to mechanical and electrical 
stresses in service, the initiation and propagation of 
cracks may result in the failure of these materials. To 
prevent failure during service and to obtain the reliable 
service lifetime of piezoelectric components, the frac-
ture mechanics of piezoelectric ceramics have been 
given more attention in recent years. Most of the re-
search have examined homogeneous piezoelectric 
materials. Recently, a few fracture mechanics research 
on functionally graded piezoelectric material (FGPM) 
have been presented. Li and Weng [1] studied the 
problem of a finite crack in a strip of FGPM. Func-

tionally graded piezoelectric strip with eccentric crack 
under anti-plane shear was analyzed by Shin and Kim 
[2]. Shin et al. [3] analyzed the dynamic response of 
an eccentric crack in functionally graded piezoelectric 
ceramic strip under anti-plane shear impact loading. 
The dynamic behavior of a moving central crack in 
FGPM was studied. Jin and Zhong [4] examined a 
moving mode-III crack in FGPM. The propagation of 
an anti-plane moving crack in a functionally graded 
piezoelectric strip was studied by Jin et al. [5]. Kwon 
[6] analyzed the dynamic propagation of an anti-plane 
shear crack in a functionally graded piezoelectric strip. 
The problem of a moving mode-III crack in a func-
tionally graded piezoelectric strip was discussed by Hu 
and Zhong [7].  

In this paper, we study the problem of a moving ec-
centric crack off the center line in a functionally 
graded piezoelectric ceramic strip under anti-plane 
shear and in-plane electric loading. The Yoffe-type 
model for crack propagation is adopted. We assume 
that the properties of the functionally graded piezo-
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electric ceramic strip vary continuously along the 
thickness. The impermeable crack boundary condition 
is adopted (Shin and Kim [2]; Shin et al. [3]). Fourier 
transform is used to reduce the problem to a pair of 
dual integral equations, which is then expressed in a 
Fredholm integral equation of the second kind. Nu-
merical results of the dynamic stress intensity factor 
are presented graphically to show the dependence of 
the gradient of material properties, crack moving ve-
locity, and eccentricity. 
 
2. Problem statement and formulation 

Consider a functionally graded piezoelectric body in 
the form of an infinitely long strip containing a finite 
eccentric crack subjected to mechanical and electric 
loadings as shown in Fig. 1. The cartesian coordinates 
( Z,Y,X ) are fixed for the reference. The piezoelectric 
ceramic strip poled with Z -axis occupies the region 
( 2112 2 hhh,hYh,X +=≤≤−∞<<−∞ ) and is 
thick enough in the Z -direction to allow a state of 
anti-plane shear. For convenience, we assume that the 
upper ( 0≥Y , thickness 1h ) and lower ( 0≤Y , 
thickness 1h ) regions of the strip cracked with the 
eccentricity “ e ” off the center line have different 
thicknesses but consist the same functionally graded 
materials. The crack is situated along the virtual inter-
face line ( 0=≤≤− Y,aXa ). Due to the symmetry 
in geometry and loading, it is sufficient to consider the 
right-hand half body only. 

We assume that the properties of the functionally 
graded piezoelectric ceramic strip vary continuously 
along the thickness. They are simplified as follows 
(Erdogan [8]):  

 
Yecc β0

4444 =   (1)  
Yedd β0

1111 =   (2)  
Yeee β0

1515 =   (3) 

 
Fig. 1. A constant moving eccentric crack in a functionally 
graded piezoelectric strip. 

Yeβρρ 0=   (4) 
 
where 44c , 11d , 15e , and ρ  are the elastic modulus, 
dielectric permittivity, piezoelectric constant, and ma-
terial density, respectively. 0

44c , 0
11d , 0

15e , and 0ρ  
are the material properties at 0=Y , and β  is the 
non-homogeneous material constant. 

The piezoelectric boundary value problem is simpli-
fied considerably if we consider only the out-of-plane 
displacement and the in-plane electric fields such that 

 
0== YiXi uu  , )t,Y,X(wu iZi =   (5) 

)t,Y,X(EE XiXi = , )t,Y,X(EE YiYi = , 0=ZiE  (6) 
 

where kiu  and kiE  ( Z,Y,Xk = ) are the displace-
ments and electric fields, respectively. Subscript i  
( 21,i = ) stands for the upper and lower regions, re-
spectively. 

In this case, the constitutive relations become  
 

j,ij,iZji ewc)t,Y,X( φσ 1544 +=   (7) 

j,ij,iji dwe)t,Y,X(D φ1115 −=   (8) 

 
where Zjiσ , jiD , ( Y,Xj = ), and iφ  are the stress 
components, electric displacements, and electric po-
tential, respectively. 

The dynamic anti-plane governing equations for 
FGPM are simplified to  
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where 22222 YX ∂∂+∂∂=∇ . 

From Li and Mataga [9], a new function ψ is intro-
duced as follows: 

 

iii w
d
e

0
11

0
15−= φψ   (11) 

 
By substituting Eq. (11) for Eqs. (9) and (10), the 

dynamic governing equations are transformed into the 
following equations: 
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where  
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For the problem of a moving crack with constant 

velocity “ v ” along the X -direction, it is convenient 
to introduce a Galilean transformation such as 

 
tvXx −= , Yy = , Zz = , tt =   (15) 

 
where ( z,y,x ) is the translating coordinate system 
attached to the center of the moving crack. 

In the transformed coordinate system, the dynamic 
anti-plane governing equations for piezoelectric mate-
rials can be simplified to the following forms: 
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where  
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A Fourier transform is applied to Eqs. (16) and (17), 

and the results are as follows:  
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where  
 

21
βδ +=q  , 

22
βδ −=q    (21) 

21
βλ +=p  , 

22
βλ −=p   (22) 

4
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4
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jiA  and jiB  are the unknowns to be solved. 
By substituting Eqs. (19) and (20) for Eqs. (7) and 

(8), we have the following: 
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The boundary conditions can be written as  
 

0)0,( τσ −=xyzi , )0( ax <≤   (26) 

)0,()0,( 21
−+ = xwxw , )( ∞≤< xa   (27) 

 
0)0,( DxDyi −= , ( ax <≤0 )  (28) 

)0,()0,( 21
−+ = xx φφ , ( ∞≤< xa )  (29) 

 
)0,()0,( 21

−+ = xx yzyz σσ , ( ∞≤< xa )  (30) 

)0,()0,( 21
−+ = xDxD yy , ( ∞≤< xa )  (31) 

)0,()0,( 21
−+ = xExE xx , ( ∞≤< xa )  (32) 

 
0),(),( 2211 =−= hxhx yzyz σσ , ( ∞≤< x0 )  (33) 

0),(),( 2211 =−= hxDhxD yy , ( ∞≤< x0 )  (34) 

 
where 0τ  and 0D  are the uniform shear traction and 
electric displacement, respectively.  

By applying the edge loading conditions of Eqs. 
(33) and (34), the unknowns in Eqs. (24) and (25) are 
evaluated as follows:  

 
0)()( 1112
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0)()( 2122
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0)()( 1112
212111 =+− − hphp esBpesBp  , 

0)()( 2122
222121 =+− − hphp esBpesBp   (36) 
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The continuity conditions of Eqs. (30) and (31) lead 
to the following relations between the unknowns:  

 
( ) ( ))()()()( 2221212111 sAsAqsAsAq −=−   (37) 
( ) ( ))()()()( 2221212111 sBsBpsBsBp −=−   (38) 

 
It is convenient to use the following definitions:  
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Using Eqs. (35) to (40), we can obtain the following 

relations:  
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Eq. (32) leads to the following relation: 
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The two mixed boundary conditions of Eqs. (26) to 

(29) lead to dual integral equations in the following 
forms:  
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The set of dual integral Eq. (51) may be solved by 

using the new function )(ξΩ  (Sih [10]) defined by 
 

∫ Ω= ξξξξ dsJsA )()()( 0   (54) 
 

where 0J  is the zero-order Bessel function of the 
first kind.  

By inserting Eq. (54) into Eq. (51), we can find that 
the auxiliary function )(ξΩ  is given by the Fred-
holm integral equation of the second kind in the fol-
lowing form:  
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We introduce the following dimensionless variables 

and functions for numerical analysis:  
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By substituting Eqs. (57) to (59) for Eqs. (55) and 
(56), we can obtain the Fredholm integral equation of 
the second kind in the following form:  
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Β+∆=Q  , 
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Β+Λ=P   (63) 

 
e  denotes the eccentricity. 

The mode III dynamic stress intensity factor 
)(vK III

τ  is defined and determined in the following 
form:  

 
)1()( 0 Ψ= avK III πττ   (64) 

 
in which the function )1(Ψ  can be calculated from 
Eq. (60). 
 

3. Discussions 

3.1 Case study 

The static solution ( 0=v  or α =1) can be derived 
from Eq. (60). In this case, the kernel function 

),( ΗΞL  can be obtained as  
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Eq. (65) is the same as that of Shin and Kim (2003).  

 
3.2 Numerical results of the dynamic stress intensity 

factor 

To investigate the effect of the gradient of material 
properties, crack moving velocity, and eccentricity of 
the crack on the stress intensity factor, a numerical 

analysis is carried out. We assume that the piezoelec-
tric material properties at 0=y  are same as PZT-5H, 
which are listed in Table 1. N , C  and V are the 
force in Newtons, charge in coulombs, and electric 
potential in volts, respectively. 

Fig. 2 displays the variation of the normalized dy-
namic stress intensity factor (DSIF) avK III πτ 0)(  
against the normalized crack length ha /  with vari-
ous B  values at 4.0/ =he  and 2.0/ 2 =cv . The 
DSIF in FGPM increases when the crack length and 
the material property gradient increase. 

Fig. 3 shows the variation of the normalized DSIF 
against normalized crack length with various crack 
locations at 0.2=B  and 2.0/ 2 =cv . In this case, 
the DSIF in FGPM increases as eccentricity of the 
crack location increases. The effect of the crack mov- 

 
 

Table 1. Material properties of piezoelectric ceramic at 
0y = . 

 

Material 
Properties Symbol Unit Piezo- 

ceramics

Elastic 
Stiffness 

0
44c  21010 mN×  2.3 

Piezoelectric 
Constant 

0
15e  2mC  17.0 

Permittivity 0
11d  mVC1010−×  150.4 
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Fig. 2. Stress intensity factor avKIII πτ 0)(  versus ha /  
with various values of B  at 4.0/ =he  and 2.0/ 2 =cv . 
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Fig. 3. Stress intensity factor avKIII πτ 0)(  versus ha /  
with various values of he /  at 0.2=B and 2.0/ 2 =cv . 
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Fig. 4. Stress intensity factor 0( )IIIK v aτ π  versus ha /  
with various values of 2/ cv  at 4.0/ =he  and 0.2=B . 

 
 

ing velocity on the variation of the normalized DSIF in 
FGPM is shown in Fig. 4. The DSIF in FGPM in-
creases with the increase of the crack moving velocity. 
Particularly from Figs. 2 to 4, the DSIF in FGPM al-
ways increases with the increase of the crack length 
whatever values the non-homogeneous material con-
stant, eccentricity of crack length, and the crack mov-
ing velocity have. 

Figs. 5 and 6 show the variation of the normalized 
DSIF in FGPM against normalized crack moving 
velocity. The DSIF in FGPM grows rapidly as the 
crack moving velocity increases regardless of the ma- 
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Fig. 5. Stress intensity factor avKIII πτ 0)(  versus 

2/ cv  with various values of B  at 4.0/ =he  and 
0.1/ =ha . 
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Fig. 6. Stress intensity factor avKIII πτ 0)(  versus 

2/ cv  with various values of he /  at 0.2=B  
and 0.1/ =ha . 

 
terial property gradient and eccentricity of crack loca-
tion. We also determined that the increase in the crack 
moving velocity significantly affects the variation of 
the DSIF in FGPM when the material property gradi-
ent and eccentricity of the crack location have larger 
values. As seen in Figs. 3 and 6, the DSIF in FGPM 
increases more rapidly as the crack moves to the strip 
surface more closely. 
 

4. Conclusions 
The electroelastic problem of a moving eccentric 
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crack off the center line in a functionally graded pie-
zoelectric ceramic strip under anti-plane shear and in-
plane electric loading is analyzed using the integral 
transform approach. The properties and mass density 
of the FGPM vary continuously along the thickness. 
The impermeable crack boundary condition is adopted. 
The Fredholm integral equations are solved numeri-
cally. The computed results show that the normalized 
DSIF of a moving crack in FGPM increases when the 
crack moving velocity, eccentricity of crack location, 
material property gradient, and crack length increase. 
Particularly, as the crack moving velocity increases, 
the DSIF in FGPM grows more rapidly. Furthermore, 
when the material property gradient and eccentricity of 
crack location have larger values, the increase in the 
crack moving velocity significantly affects the varia-
tion of the DSIF in FGPM. 
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